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Background Questions

Hands Up or Down...
1. Are you familiar with Mapping Diagrams?

2. Have you watched "Using Mapping
Diagrams to Understand Functions”? from

AMATYC

3. Have you used Mapping Diagrams in your
teaching?



Outline

I. Mapping Diagram Basics

IT.Triangle Trigonometry

ITI. Circle Trigonometry

IV. Periodicity and Symmetry Identities

V. Solving Equations: Inverse
Trigonometry

VI. Composition



I. Mapping Diagram Basics

A.k.a.
Function Diagrams
Dynagraphs



Preface: Trigonometric Example
Will be reviewed at end. ©

y =9g(X) =3sin(2x + nt/3) + 2
Consider steps for g (as a composition) :

1. Linear: multiply x by 2 then add «/3: v =
2x + n/3.

2. Find sine of result: v = sin(v)

3. Linear: Multiply v by 3 then add 2 so
y=3v+2




Mapping diagram

y = gx) = 3 sin(2x + n/3) +
2

Before: u = 2x + w/3.
MIDDLE: v = sin(v)
After: y=3 v+ 2




Main Resource for Future

* Mapping Diagrams from A (algebra)
B(asics) to C(alculus) and D(ifferential)

E(quaﬂon)s. A Reference and Resource Book on

Function Visualizations Using Mapping Diagrams
(Preliminary Sections- NOT YET FOR publication)

e http://users.humboldt.edu/flashman/MD/section-1.1VF.html



http://users.humboldt.edu/flashman/MD/section-1.1VF.html

Linear Mapping diagrams

We begin our more detailed introduction
to mapping diagrams by a quick
consideration of linear functions :

"y=f(X)=mx+b "
You can download and try the worksheet :
Worksheet.VF1.pdf.



http://users.humboldt.edu/flashman/MD/worksheets/WorkSheet.VF1.pdf

Linear Functions: Tables

2x + 3

X
3
2
1
0
-1
-2
-3

Complete the table.
x=3,210,1,-2,-3
f(x)=2x+ 3
fO)=__272

For which x is f(x) > 0?



Linear Functions: Tables

Complete the table.

x=3210,1-2,-3

f(x)=2x+ 3

X
3
2
1
0
-1
-2
-3

_
5
3 fO)=__ 2
1
1
3

For which x is f(x) > 0?




Linear Functions: On Graph
Plot Points (x , 2x + 3):

of 2x + 3

X
3
2
1
0
-1
-2
-3

Wl L]l = w| 0| N| ©




Linear Functions: On Graph

Connect Points

(x ,2x + 3):
i X 2x + 3
| 3 9
: 2 7
: 1 5
0 3
| 1 1
| 2 1
o1 3 3




Linear Functions: Mapping diagrams
What happens before the graph.

» Connect point x to

hoint 2x + 3 on axes

X 2xX + 3

3 9

2

’ 3

1 H 2
1

0 3 0
1

-1 1 )

_2 -1 3

-3 -3




Examples on Excel / Geogebra /
SAGE

» Excel example

* Geogebra example

You can download the trig worksheet:
TrigWorksheet. AMATYC. pdf



http://users.humboldt.edu/flashman/AMATYC/TrigWorksheet.AMATYC.pdf

Why Trig- How Trig

+ (Right)Triangles - Key Right Triangles
- Location - 30°,45°, 60°
- Surveying - 3,49.512,13
- Navigation + Unit Circle
- Astronomy -+ Tables
» Functions and . Slide Rules
Mosdeh:g + e-Calculators
= 2o0oun
- Light Graphs

* Mapping Diagrams!



IT. Triangle Trigonometry




Right Triangle Trigonometry
[GeoGebra]

First Table of Values  Simple Mapping Diagram

®: Angle in Degrees sin(@)  cos(0)

60°

60 V3 1
- 2
45 V2 V2 *
2 2
30 1 V3 30
2 2




Right Triangle Table

!9 DC: 300 QDO
. J-
sin & 0 B 1
cos 6 I f 0
1 Not
tan 6 0 NE defined
N‘DT f
cot & defined V3 0
| - Not
sec 6 I NE defined
cosec & Not 2 1

defined
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IIT Circle Trigonometry




Unit Cir'CIQ Char'-l' (Wikipedia)




Seeing t

A

he functions on the unit circle
with mapping diagram.

Sine and cosine of t+ measured on the vertical

and horizon

| —

tal axes.

Note the visualization of periodicity.



Tangent Interpreted on Unit
Circle

» tan(t) measured on the axis fangent to the
unit circlet

(1,tan(t))
t

o 1

* Note the visualization of periodicity.



IV Periodicity and Symmetry Identities




Even and odd on Mapping diagrams

o

)

QL

Even

f(a) = f(-a)

/ f(a)

0t

Odd

-0

\ f(a) = f(-a)




Even Function Mapping Figures and
Graphs

An Even Function

) =1(-a) J

l

f(a)

o O
f(-a)




Odd Function Mapping Figures and
Graphs

An Odd Function
t f(a)

a/

f(a)

o

P
f(a)
o

jab)

a

 (-a) = -f(a)

f(-a)



Trigonometric functions and symmetry:

(a,b

cos(-t1) = cos(t) forall . EVEN
sin(-t) = -sin(t) for all t. ODD

tan( -t) = - tan(t) for all t.

Justifications from unit circle mapping
diagrams for sine, cosine and tangent..



V. Solving Equations:
Inverse Trigonometry




Trig Equations and Mapping
diagrams

* To solve trig(x) = z.

» Find z on the target axis, then trace
back on any and all arrows that “hit" z.

* Notice how this connects to periodic
behavior of the trig functions and the
issue of the number of solutions in an
interval.

» This also connects to understanding the
inverse trig functions.



Solving Simple Trig Equations:

Solve trig(t)=z from unit Tan(t)=z

circle mapping diagrams

for sine, cosine and
tangent.

[View oh GeoGebra]



Inverses, Equations and Mapping
diagrams

* Inverse in general:

- If f(x) = y then invf(y)=x.

» So to find invf(b) we need to find any

and all x that solve the equation f(x) =
b.

* How is this visualized on a mapping
diagram?

» Find b on the target axis, then trace
back on any and all arrows that “hit"b.



Mapping diagrams and

| Inverses
Inverse linear functions:

* Use transparency for mapping diagrams-

- Copy mapping diagram of f to Tr'ansparenc
- Flip the transparency to see mapping
diagram of inverse function g.
(“before or after")
invg(g(a)) = a;  g(invg(b)) = b;
+ Example i: g(x) = 2x; invg(x) = 1/2 x
+ Example ii: h(x) = x +1; invh(x) = x - 1




Mapping diagrams and
Inverses
Socks and shoes with mapping diagrams
* g(x) = 2x; invg(x) = 1/2 x
* h(x)=x+1;invh(x)=x -1

- f(x)=2x+1=(2x)+1
- g(x) = 2x; h(u)=u+1
- inverse of f:
invf(x)=invh(invg(x))=1/2(x-1)




Mapping diagrams and
Inverses
Inverse trigonometric functions:

» socks and shoes with mapping diagrams

» g(x) = tan(x); invg(x) = arctan(y)
* h(u) = 2u +1; invh(u)=(u-1)/2

- If f(x) = 2 tan(x) + 1 = h(g(x)) ‘rherj\i

* inverse of f:

invf(x)=invh(invg(y))=arctan(1/2(y-1))




VI. Compositions with Trig

Functions
[GeoGebra]



Mapping diagram
for

y =f(x) = sin(x) + 3
considered as a
composition:
First: u = sin(x)
Second: y =u+3 so
the result is

y = (sin(x)) + 3




Example: Graph of y = sin(x) +

3
Graph of y = sin(x) + 3 [Winplot]
Amplitude: 1
Period: 2m

SN NS




Example: y

.
Mapping Figu

re for y = 3 sin(X) = 3 ujwhere u =sin(X

= f(x) = 3 sin(x)

Mapping diagram
for

y =f(x) = 3 sin(x)
considered as a
composition:
First: u = sin(x)
Second: y = 3u so
the result is

y = 3 (sin(x))



Example: Graph of y = 3 sin(x)

Graph of y = 3 sin(x) [Winplot]
Amplitude: 3
Period: 2n




Scale change before trig.
Mapping figures and graphs for f(x) = sin(Bx)
— Amplitude and period
Connection to solving equations:

—  Example: sin(2x) = 1 ;
2X = m/2, 5m/2
e X=1nl4, 51/4
Difference is period: (57 - m)/4 = m.



Scale change before trig

Mapping figures and graphs for f(x) = sin(x+ D) or
— Amplitude and period and shift.
Connection to solving equations:
—  Example: sin(x +/3) = 0 ;
x+m/3 =0
X =-1/3
Shift of sine curve to start at x = -n/3 : (-n/3,0)
« Interpretations of these functions with circles.



Altogether!

f(x) = 3 sin(2x+m/3) + 2

Mapping figure: Before u = 2x+m/3
After y=3z+2

MIDDLE: z = sin(u).

Amplitude :3, period:  , and shift: ?77?.

Visualize on circle. Dot races and mapping
figures.

Solve equations for period and shift.
u=0 andu = 2r. Period = difference in x.



Mapping diagram

f(x) = 3 sin(2x+m/3) + 2
Mapping figure:
Before u = 2x+n/3
After y=3z+2
MIDDLE: z = sin(u).




Graph

f(x) = 3 sin(2x+m/3) + 2




Thanks
The End!

©

Questions?

flashman@humboldt.edu
http://www.humboldt.edu/~mef2
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Main Resource for Future

* Flashman

Mapping Diagrams from A (algebra) to
C(alculus) and D(ifferential) E(quation)s. A
Reference and Resource Book on Function
Visualizations Using Mapping Diagrams
(Preliminary Sections- NOT YET FOR publication)

http://users.humboldt.edu/flashman
IMD/section-1.1VF.html
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Mapping Diagrams and Functions

Flashman, AMATYC Webinar, "Using Mapping Diagrams to
Understand Functions" (\Watch on youtube) October 15, 2013.

Flashman "Concepts to Drive Technology in the 21st Century"
(html), ComputerBasedMath ™(YouTube Video) (CBM)
Education Summit, UNICEF, NYC, Nov.22, 2013.

Flashman, “The Sensible Calculus Program”. (Prospectus)

Henri Picciotto, Function Diagrams

- Henri Picciotto's Math Education Page

- Some rights reserved

Flashman, Yanosko, Kim
https://www.math.duke.edu//education/prep02/team
s/prep-12/



http://users.humboldt.edu/flashman/AMATYC/AMATYC_LINKS.html
http://users.humboldt.edu/flashman/AMATYC/AMATYC_LINKS.html
http://www.youtube.com/watch?v=TRppFrRZEQY&feature=youtu.be
http://users.humboldt.edu/flashman/MD/SUMMIT.html
https://www.youtube.com/watch?v=szxzgUVG16A
http://users.humboldt.edu/flashman/senscalca_x.html
http://www.mathedpage.org/func-diag/index.html
http://www.mathedpage.org/
http://www.mathedpage.org/rights.html
https://www.math.duke.edu/education/prep02/teams/prep-12/
https://www.math.duke.edu/education/prep02/teams/prep-12/

More References

e Goldenberg, Paul, Philip Lewis, and
James O'Keefe. "Dynamic Representation
and the Development of a Process
Understanding of Function." In The
Concept of Function: Aspects of
Epistemology and Pedagogy, edited by Ed
Dubinsky and Guershon Harel, pp. 235-
60. MAA Notes no. 25. Washington, D.C.:
Mathematical Association of America,
1992.



Thanks
The End! REALLY!

©

flashman@humboldt.edu
http://www.humboldt.edu/~mef2
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