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Motivation: If the temperature was 30 degrees centigrade at 1 P.M. and 20 degreesat 5 P.M., it
seems reasonable to say that at some time between 1 and 5 in the afternoon, the temperature was
exactly 27.4524375 degrees.

On the other hand if the cost of a certain stock on the stock exchange was $30 ashareat 1 P.M.
and $20 ashare a 5 P.M. , it would be absurd to claim that the cost of a single share was ever
$27.4524375. These two similar statementswith their quite different conclusionsillustrate the
nature and relevance of asking a question of intermediate values for a function.

The question of intermediate values for afunctionisitself quitesimple to state. If f(a) = R and
f(b) =T and Sisavaluebetween R and T, istherea number c so that f(c) = S? The question
can be extended by asking for aprecisevaluefor c or at least agood approximation . Itisnot aways
possible to find a solution to this problem as the following exampleillustrates.

3ifx<2

Example 1.1.5: Suppose f(x) = { . Then 4 is between f(1) and f(3), but
S5ifx>2

there is no number ¢ for which f(c) = 4. Note that this function is not continuous at

X = 2. (See Figure ***. ). The example illustrates that when a function is not ‘

continuous, the values can have gaps between them. This does not happen when a

function is continuous on the interval between a and b. Thisfact is expressed by the
following

Inter mediate Value Theorem: If f isa continuous function on theinterval [a,b] and Sis

avalue between f(a) and f(b) then thereisa number c € [a,b] wheref(c) = S.

Figurel

f(h)
Discussion: The proof of this theorem will be presented in detail in an /
appendix. Thevisual interpretations in terms of the transformation diagram of a | rwe’ [ — ="'
moving object and the graph of the function both add in rather convincing ways M

to its credibility. For the transformation diagram, think of alight moving in
continuous way on the target line so that at time t the light is at point f(t). (See
Figure***)) Then at time a, thelight isat point f(a), at time b the light is at point

fla)

f(b) and Sis a point between f(a) and f(b) on the line. It is the continuity of the Figure 2

light's motion that allows us to say that at some time ¢ between a and b the light

(h, f(h),

islocated at point S, i.e., f(C)=S. LS
In considering the graph of the function f, (see Figure *** ), we see that the
points (a,f(a)) and (b,f(b)) lie on different sides of the line Y= S because Sis

(a,f(a))

(53]

between f(a) and f(b). For the graph to be continuous it must connect these two
points without any breaks in the curve. Thus at some point the graph of f must

K=e

Figure3
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crosstheline Y =S. The coordinates of that point are (c,S) to be on theline and also (c,f(c)) to beon
the graph of f. So for that value of ¢, between a and b, f(c)=S.

Application to Solving Equations: Show that the equation x* -5x + 2 = 0 has asolution in the
interval [0,1].

Solution: Consider thefunction f (x)= x®-5x+2. Thisfunctionis continuous on theinterval [0,1]
and f (0)=2 whilef (1)=-2. Since 0 isbetween -2 and 2, the Intermediate Value Theorem implies
thereisanumber ¢ € [0,1] wheref (c) = 0. That is, ¢ solves the equation x* -5x + 2= 0.

Application to Under standing I nequalities. Suppose g isacontinuous functionon|[-5, 5] and
g(xX) =0only when x=-3and x =4. If g(-5) =7, g(0) =-2, and g(7) = 3, then for any x € [-5,-3) and
(4,5] , 9(x) > 0. Furthermore, for any x € (-3, 4), 9(X)<0. (See Figure *** below.)

g(x): 7 0 -2 0
X values: -5 \ -3 0 4 5

Figure4

Discussion: Suppose thereisavalue ve[-5,-3) where g(v) < 0. Then since

g(v) < 0 < g (-5=7 and g is continuous on the interval [-5,v], by the
Intermediate V alue Theorem there should be apoint ¢ between -5 and v where
g(c) = 0. But wearegiven that x=-3 and x=4 are the only x values for which
0(X)=0. Thus it is impossible for g(v) to be less than or equal to O for v e
[-5,-3). Soforv € [-5,-3) we havethat g(v)>0 asclaimed. Similar arguments

using the Intermediate Vaue Theorem work for the other inequalities . : /
L3

335

Application: (The Bisection Method) Estimatethe solution to the equation
x® =2 asadecima number.

Figure5

Solution: Of course the exact solution to this equation is the cube root of
2, but this is an irrational number, and thus it cannot be expressed as a
repeating decimal. To estimate the solution to this equation we will develop
an algorithm that will give a sequence of estimates to the solution, each of
which will be abetter estimate than the previous one. The method will usethe

Intermediate Value Theorem repeatedly applied to the continuous function L5 /

1.29

g(x)=x". 1

3.30

1953125

First estimate: Consider g(1)=1and g(2)=2°% =8. Since2isbetweenland |—

8, by the Intermediate Value Theorem we have a number ¢ between 1 and 2 /

where g(c)= c® = 2. See Figure ***. Well thisis not agreat estimate, but it's 13

astart. The solution is a number between 1 and 2. ol S

Second estimate: Find the midpoint of thelast estimating interval. Thisis 135
1.5. See Figure ***. Now ¢(1.5)=(1.5) ® = 3.375. Since 2 is between 1 and
3.375, by the Intermediate V al ue Theorem we have a number ¢ between 1 and
1.5 where g(c)=c®=2. Well thisis a slightly better estimate, but it's still not

3308

2,599609

1,933123

Figure?7
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great. The solution is a number between 1 and 1.5.

Third estimate: Find the midpoint of the last estimating interval. See Figure ***.

This is 1.25. Now g(1.25)=(1.25) ® =1.953125. Since 2 is between 1.953125 and 3.375, the
Intermediate Value Theorem implies there is a number ¢ between 1.25 and 1.5 where g(c)=c3®=2.
Well thisisadlightly better estimate, but it's still not great. The solution isanumber between 1.25
and 1.5.

The next estimate would bethe midpoint of thelast interval, namely 1.375.

However well stop here sincethe continuation of this process should be clear -

1.25

now. We bisect each successiveinterval to find anew estimate. See Figure***. i < 2583608
2.260986

Thenwe compare it with thelast estimatesto determinein which of the two
resulting pieces to look for the next estimate.
Figure *** shows that the solution is a number between 1.25 and 1.28125.

1.953125

Since at each stage the next estimate is found by bisecting an interval, the F; gure 8
resulting estimates can beimproved to any desired precision by continuing the

ProCEsS. 1
Comment: Thismethod is called the Bisection method for estimating the e

solution to an equation. Usually the equation is transformed into an equation

of theform P(x)=0. Though this method reliesonly on continuity and locating

two values of the function P with different signs, it is still one of the most

2.260986

2.109302

1.953125

commonly used methods for estimating solutions to equations. Figure 9

Exercises|.l.2

In problems 1 - 6, use the bisection method four times to estimate the solution of the given
equationsin the given intervals.

1.x?-5=0. [ 2,3] 2.x>+2=0. [-2,0]

3.x3-7=0.[1,2] 4.x%-x-3=0.[1,2]

5.2x¥=4x-1.[0,1] 6.x*=x+1.[1,2]

7. Prove that the equation x° - 3x* + 2x - 5= 0 has at least one real number solution .

8. Prove that the equation x - 4x° + 2x* - 35 = 0 has at |east one real number solution .

9. Prove that any polynomial equation of odd degree has at |east one real number solution .

10. Prove that the equation x°® + x® - x* - x* - x? - x + 1 = 0 has at |east one root between 0 and
1.

*11. Write a program for either a computer or a calculator that will use the bisection method
repeated N times to estimate the solution to problem 1.

A. Estimate the solution using your program with N = 4, 10, 100.

B. Find N so that when you run your program N times, your estimate will be within .001 of the
exact solution. Explain why your solution is correct. Run your program to achievethe estimate with
the desired precision.

*12. Modify your program in problem 11 to estimate the solution to problems 2 through 5 within
.001.

13. Suppose g is acontinuous function for all real numbersand g(x) =0 only at x=0, 5 and 10.

Chapter 1.1.2 10/10/5 3




What would be the smallest number of values of g you would need to solve theinequality g(x) > 0.
List al the possible solutionsfor g(x) > 0 and explain how you would determinewhich one of these
was in fact the solution.

14. A fixed point for a function f is a number ¢ where f(c)=c. Suppose that f is a continuous
functionand O < f(x) < 1 for al x € [0,1]. [In thisexercise you will show that any such function will
have afixed point.]

a) Let g(x) =f(x) - x. Explainwhy giscontinuouson [0,1] and for somece [0,1] , g(c)=0. Draw
afigure that illustrates afunction f that satisfies the condition and the related function g.

b) Using part a) prove that for somec e [0,1] , f(c) =c.

15. What iswrong with thefollowing argument? Let f(x) = 1/x. Thenf(-1) =-1and f(1)=1. Apply
the intermediate value theorem to the number 0. Since-1 <0< 1, thereisanumber cwith-1<c
< lwheref(c) =0. Therefore L/c = 0. Multiply both sides of this equation by c and we have 1 = 0.

16. ContinuousRandom Variables. We say that arandom real variable X iscontinuous on the
range[a,b] if the cumulative distribution function F(A) = the probability that X < A isacontinuous
function on theinterval [a,b] with F(a) = 0 and F(b) = 1. Themedian of X isavalue M wherea<
M <band F(M) = 1/2.

a) Use the Intermediate Vaue Theorem to explain why any continuous random variable on a
range [a,b] has a median.

b) Find themedian M for therandom variable X when F(A) isgiven asfollowson therange[0,2].
Find the probability density of M.

i) F(A)= 5A. i) F(A)=1/4A%.

iii) F(A) =1/8A?3. iv) F(A) = /16 A“.

17. Suppose F(A) = sin(A) describes the probability that a random variable Y is less than or
equal to A where 0 < A < 7t/2. Find the median M of Y. What isthe point probability density for Y
a M.

18. Suppose that an object isinside a sphere of radius 1 and it is equally likely that it is at any
point in the sphere. Let R denote the random variable that measures the distance from the object to
the center of the sphere. [See Exercise |.C.1.7.] Find the point probability density of the median
valueof Ron[0,1].
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